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1. INTRODUCTION 
The main purpose of this paper is to extend Truesdell’s theorem [l] on the 
symmetry groups of a hyperelastic material. We accomplish this by applying 
the first isomorphism theorem of Lie groups to the homomorphism induced 
by the stored-energy function and by utilizing the usual methods of Lie 
transformation groups. Finally we shall derive a method of obtaining repre- 
sentation formulas for stored-energy functions of hyperelastic materials and 
give illustrative examples to explain the method. 
Recently a paper on the same subject has been published by Wang [2]. 
The results of this paper have been obtained independently of his work and 
reported in [3], This work seems to have parts different from [2] in both the 
method of approach and the results obtained, so it seemed advisable that I 
should publish my own work. 
2. GROUP HOMOMORPHISM INDUCED BY STORED-ENERGY FUNCTION 
A hyperelastic material is an elastic material which also possesses a 
stored-energy function. The constitutive equation of a hyperelastic material 
with stored-energy function o(F), where F is the deformation gradient from 
a fixed reference configuration, has the form 
S = S(F) = ,cI(F) Q(F) FT. (2.1) 
Here crF(F) denotes the gradient of o(F) and p(F) the density corresponding 
to the deformed configuration. The symmetry groups GS and G, are defined 
as follows: 
Gs = {H; H E U, S(FH) = S(F) for all F E L), 
G, = {H, H E U, a(FH) = U(F) for all F E L}, 
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where U denotes the unimodular group and L the general linear group, i.e., 
the group of all invertible tensors.1 It follows from (2.1), (2.2), and (2.3) [I] 
that 
GCGs, (2.4) 
and 
Gs = {H, H E U, o(FH) = u(F) + a(H) - o(l) for allF E L). (2.5) 
By (2.1) the stored-energy function u(F) must be differentiable, and hence it 
must be continuous, then by (2.3) and (2.5) the groups G, and Gs are closed 
subgroups of U, thus by Cartan’s theorem they are Lie subgroups of U. 
Now if we put 
d(F) = eowkou), V-6) 
then we have 
and 
Gs = (H; H E U, $(FH) = $(F) 4(H) for all F E L}, 
Go = Gs n $-l(l), 
W) > 0. 
(2.7) 
(2.8) 
(2.9) 
By (2.1) the stored-energy function u(F) must be differentiable, and hence 
4(F) also has the same property. Thus, by (2.7), (2.8), and (2.9) the stored- 
energy function u(F) yields a continuous homomorphism of Gs into the 
multiplicative group R, of positive real numbers, and whose kernel 
Gs n +-l(l) is the group G, . By applying the first isomorphism theorem for 
Lie groups ([4], Sections 6.6 and 7.3) to this continuous homomorphism we 
have 
G&o zs Ws) (as Lie groups); (2.10) 
(as Lie algebras), (2.11) 
where A?(G) denotes the Lie algebra of G; and the image +(G,) of Gs under 4 
is a Lie subgroup of R, (however it is not necessarily a topological subgroup 
of RJ and =WJGS)) is a Lie subalgebra of .Y(R+), i.e., either (0) or 
Z(R+). In the case where P(#(G,)) = {0}, Y(G,) = Y(G,) and hence 
Wo = (Go), , where G, denotes the identity component of G. In the case 
where 6p(+(Gs)) = g(R+), +(G,) = R, , and hence G,/G, z R., . 
Thus we have 
THEOREM 1. In a hyperelastic material with a stored-energy function u(F), 
either (G,), = (GO), OT G,/G, z R, . 
1 The word tensor is here used as a synonym for linear transformation of the three- 
dimensional vector space into itself. 
270 N6NO 
REMARK 1. In the case where Y(q5(GS)) = {0}, $(G,) is a O-dimensional 
Lie group, i.e., a discrete Lie group contained in R,; its identity component 
is (1). Such a group is {l}, (a”; m EZ (u > 0, f l), or an everywhere dense 
topological subgroup of R, , whereZ is the set of all integers ([S], pp. l-2). 
COROLLARY I. IjGs is compact, then Gs = G, . 
In fact, if GS is compact, then G,/G, is also compact, and hence 
G,/G,, g {l}, i.e., GS = G, . 
REMARK 2. For a solid, GS is compact. 
COROLLARY 2. If GS has only a finite number of components, then either 
Gs = Go OY G,/G, gx R, . 
In fact, if GS has only a finite number of components, then so does G,/G, , 
and hence, by Remark 1, G,/G, E {l] or R,; i.e., Gs = G, or G,/G, g R, . 
halARK 3. For a hyperelastic subfluid [6], Gs has only a finite number of 
components. 
COROLLARY 3. Ij Gs is perfect, i.e., [P(Gs), I] = -Ep(Gs), then 
(Wo = (GJo - 
In fact, it is known ([7], p. 221; [8], p. 133) that a Lie algebra J is perfect, 
i.e., [J, fl = J, if and only if J does not have an ideal I of dimension dim J - 1. 
Hence [pE”(G,), pEp( = dtp(GS) if and only if Y(GS) does not have an 
ideal of dimension dim P’(G,) - 1. If _Ep(Gs)/Z’(GO) g Y(R+), then 
X(G,) has an ideal 2(G,) of dimension dim Z(Gs) - 1. Thus, if Gs is 
perfect, then 6p(GS)/Z(G0) g {0}, i.e., -V(G,) = -Y(G,), and hence 
G), = (Go), . 
REMARK 4. If GS is perfect and has only a finite number of components, 
then, by Corollaries 2 and 3, GS = G, . 
REMARK 5. If G is simple or semisimple, i.e., L(G) is simple or semi- 
simple, then G is perfect ([9], p. 72). 
3. LIE ALCEBRA~ OF INFINITESIMAL TRANSFORMATIONS 
We say a stored-energy function a(F) is objective if a(F) obeys the following 
identity for each orthogonal tensor Q: 
a(QF) = a(F). (3.1) 
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Condition (3.1) is equivalent to the condition 
QWQ= = S(QF) 
for all orthogonal tensors Q ([IO], p. 42). As is well known [ill, o(F) is 
objective if and only if 
u(F) = #(C)9 (3.2) 
where C = FTF. 
From (2.5) it follows: 
Gs = (H; H E U, a(F,H) - a(F,H) = u(F,) - u(F,) for allF, , F, E L}. (3.3) 
Furthermore, by (3.2) and (3.3) we have 
Gs = {H; H E U, #(H=C,H) - Q!J(H=C,H) 
= $(C,) - $(C,) for all Cl , C2 E S+>, (3.4) 
where S, denotes the set of all positive definite symmetric tensors; and by 
(2.3) and (3.2) we have 
G, = {H, H E U, #(H*CH) = $(C) for all C E S,}. 
The condition 
(3.5) 
$(H*C,H) - t,b(HT,H) = $(C,) - #(C,) for all H E (G& (3.6) 
means that #(C,) - #(C,) is invariant under the Lie transformation group: 
i 
C; = H=C,H, 
W E GM (3.7) 
C; = H=C,H, 
whose infinitesimal operator is given by 
where 
h = 11 hfj 11 E P(Gs), cl = II & II and c2 = II Cj II * 
Therefore, by a well-known theorem ([8], [12]), condition (3.6) is equivalent 
to 
i.e., 
6-h + h (#(Cl> - #J(C!z>) = 09 
h4cl) - hNG) = 0. (3.9) 
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This means that Z&(C) is independent of C, where 
Zh = c (Cijhf, + C,“h!J + . 
i$k zk 
(3.10) 
Let h, = 11 hi, 11 (A = 1, 2,..., r; r = dim A?(G,)) be a basis of =.%‘(G,) and 
2, = Zhi . Then condition (3.9) is equivalent to 
Z*$(C) = % 7 (3.11) 
where ah (A = 1, 2,..., r) are constants. Thus we have 
cY(Gs) = {h; h E g(U), h = uVz,(u” E R), Z,# = a, , (A = 1, 2 ,..., Y)}, (3.12) 
where R is the field of real numbers. Similarly from (3.5) it follows that 
cY(GJ = {h; h E S(U), h = u”h, , u”a, = 01. (3.13) 
Hence by (3.12) and (3.13) we have: 
a, = 0 (A = 1,2,..., Y) ifundonly ;f 8(Gs) = P(G,,); 
consequently by Theorem 1, 
(a,; h = 1, 2 )..., Y) # (0, 0 )..., 0) ifund only if .9(Gs)/9(G,) gg P(R+). 
REMARK 6. Notice that the latter result is obtained without the aid of 
Theorem 1 directly from (3.12) and (3.13). In fact, for h Ed Z,+ = 0 
and Z,lc, = uA (constants). Hence 
I.e., 
[h ,hl E -WJ. 
Let ri, (A, CL,, Y= 1, 2 ,..., r) be the structure constants of S(Gs), i.e., 
PA > &I = ?4Uh” * (3.14) 
Then we have 
[ZA 3 -&I = YLZ” * (3.15) 
The set Z, (A = 1,2,..., Y) is, of course, linearly independent; however, there 
may exist relations of the form: 
&yC) z, = 0 (a = 1, 2 ,..., p; p < Y). (3.16) 
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Under these relations the integrability condition of the system of differential 
equations: 
-w(C) = UA (A = 1, 2 ,..., r), (3.11) 
is that 
e,yc> a, = 0, (3.17) 
and 
y;,aV = 0. (3.18) 
([13], Section 18.) Let 
then Y(G,) is a linear subspace of R’. 
In view of the above considerations we have 
THEOREM 2. In a hyperelastic material with an objective stored-energy 
function a(F), if V(G,) = 0, then (Gs),, = (G,), . 
REMARK 7. If Gs is perfect, then the rank of the matrix II& I/ , where Y 
indicates the columns, and (h, CL) the rows, is equal to 7. Therefore, 
V(G,) = (0); by Theorem 2 we have (G& = (G,),, . This result is Corol- 
lary 3 of Theorem 1. Although Theorem 2 seems to be slightly stronger than 
Corollary 3 of Theorem 1, really there exist relations of the form (3.16) only 
for Types of subgroups of U as follows: 
1.1 (simple fluid), I.2 (subfluid of Type 3), 1.2* (subfluid of Type 2), 
II.1 (Type 15), and 11.1” (Type 16), for which conditions (3.17) and (3.18) 
are equivalent. (Cf. [6], [14] for the classification of Lie subgroups of U.) 
4. REPRESENTATION FORMULAS OF STORED-ENERGY FUNCTIONS 
Let H be a given Lie subgroup of the unimodular group U. We shall look 
for the general form of an objective stored-energy function a(F) = #(C) 
such that H C Gs . As is well known, H is generated by a set of the form 
H,, u K, where K is a discrete subset of H ([15], p. 35). By (3.4) the function 
$(C) must satisfy 
JwTwJ> - 4(HTC2W = #(CJ - 4(G) for all HEH. (4.1) 
As was shown in Section 3, the condition 
W=C,H) - WGH) = 4(G) - #(Cd for all HE% (4.la) 
is equivalent to 
(A = 1, 2 ,..., r). (3.11) 
409/24/2-3 
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Let e, = (e,,) (K = 1, 2,..., s; s = dim Y’(H)) be a basis of the linear sub- 
space V”(H) of Rr, and #,(C) a s p ecial solution of the system of differential 
equations 
Z,* = eKx , (4.2) 
then the general solution #(C) of the system of differential equations (3.11) 
for (a,+) E V(H), i.e., for a, = x:=r &e,, , is given by: 
#CC> = 4*(C) + i @%(C)~ (4.3) 
K=l 
where $*(C) is the general solution of the system of differential equations: 
([13], Section 18.) 
Z,$(C) = 0. (4.4) 
Thus, representation formulas for the objective stored-energy function such 
that H C Gs are obtained in the form (4.3), adding the side condition: 
#(K*C,K) - $(KT,K) = #(Cl) - +(C,) for all KEK. (4.lb) 
(Cf. [2] and [6] for the representation formulas for the objective stored- 
energy functions of hyperelastic subfluids.) 
5. ILLUSTRATIVE EXAMPLES 
(i) Type I.2 
Let H be a Lie subgroup of the unimodular group U, whose Lie algebra 
is of Type I.2 [14]; that is, the Lie algebra 9(H) is given by the set of tensors 
such as: 
abc 
h=def, 
i 1 
(a + e + g = O), (5.1) 
0 0 g 
This is the Lie algebra of the symmetry group of subfluid of Type 3 [6] and 
also the Lie algebra of the group X(V2)) of Coleman [ 161. We shall find 
the representation for the stored-energy function for a hyperelastic material 
whose symmetry group contains H. A basis of Z(H) is given by 
hl=[ -i 3, h2=[ ; -;), h,=[ i ;I, 
hd=[ ; ;I, hS=[ g ;I, he-[ i $. (5.2) 
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If we put 
z, = z,, 9 and C=[i: $ :;I=[ i :I, 
then by means of (3.10) we have 
a a a a 
z~=2xax-2yay+v&-ww, 
a a a a 
z,=2x~-2z~+Uu-wy&’ 
z,=.~+uY&+2v~, 
z,=2u;+y;+w-+, 
Z,=u~+y&+2w~ 
Among them there is only one relation: 
(5.3) 
uz, + yz, + wz, - xz, - vz, = 0. (5.4) 
And also we have the following structure relations: 
V(H) = {b(O, 1, 0, 0, 0,O); b : reals} C R6, 
and hence the stored-energy function u(F) = 4(C) is written as: 
W) = 9*(C) + h(C)> 
where #*(C) is the general solution of the system of differential equations: 
ZA16 = 0, (h=1,2,3,4,5,6), 
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and #r(C) is a special solution of the system of differential equations: 
G.4 = 0, Z,# = 1, z34 = 0, z,* = 0, G,* = 0, z&h = 0. 
Therefore we obtain 
4*(C) = 8(det C) and 54(c)=logl~Y --Y; 
and hence 
#(C) = e(det C) + b log I cllcz2 - c,", I (b # (4, P-6) 
where O(det C) is an arbitrary function of det C. 
Let fi = {M; MH$F C Ha}, then fi is generated by a set of the form 
H, u K; this fact is expressed by fi = [Ha u K], where 
K-),.-&t -% -8),[i 8 8)1. 
So we have H = [Ha u K,] or [Ha u K], where Kr = (I, - 13. We may 
easily see that det C and cllca2 - c& are invariant under the transformations: 
C’ = P’CK (K E K). And further it can be verified that for the function 
$(C) given by (5.6) the condition: Z,# = constant, (k E Y(U)) implies 
k E Y(H). Thus, the symmetry group Gs whose Lie aZgebra is given by (5.1) 
must be H = [Ha u K], and then the stored-energy function o(F) = #(C) is 
given by (5.6). Then moreover G, = [HA u K], where Hi is the connected Lie 
subgroup of Ha , whose Lie algebra is a set of tensors of the form: 
a b c 
h= d e f , 
i i 
(a + e = 0). 
0 0 0, 
This Lie algebra is of Type 11.1. 
(ii) Type V.1 
Let H be a Lie subgroup of the unimodular group U, whose Lie algebra 
3’(H) is given by the set of tensors of the form: 
(5.7) 
This Lie algebra is of Type V.l [ 141. A basis of S(H) is taken as follows: 
A=(; i ij, I?=[ 1 ij, C=[ ; ;j, (5.8) 
AN APPLICATION OF THE THEORY OF LIE GROUPS 277 
where 
[A, B] = - A, [B, C] = 2c, [A, C] = 0; 
and the corresponding infinitesimal operators are written as 
(5.9) 
(5.10) 
among which there is no relation. Thus we see that 
T(H) = (b(0, 1,O); b : reals} C R3. 
Thus, the representation for the stored-energy function for a hyperelastic 
material whose symmetry group Gs contains H is given by 
#CC> = #*(Cl + MC>, 
where 4.+.(C) is the general solution of the system of differential equations: 
ZA$ = 0, -%I = a zc* = 0, 
and #r(C) is a special solution of the system of differential equations: 
z.4+ = 0, ZB# = 1, z,+ = 0. 
So we have 
W) = %-l(C), 52(C), %3(C)) + B b 1% I c22 I > @fO), (5.11) 
where 0 is an arbitrary function of t,(C), &(C), and <a(C): 
c,(C) = det C, 52(C) = $ hc22 - 4217 
S3(C) = (+J3((c 11 c 22 - 62, c12 + (62'23 - c13c22) c22)2n 
It can be easily verified that there exists a function #(C) of the form (5.1 I), 
e.g., 
w = 51(C) + 52(C) + r;,(C) + iblog lc22 I (5.12) 
such that the condition: Z,#I = constant, (k E g(U)) implies k E P(H). 
Let R = (1M; MHJP C I-&,}, then we have fi = [H, u K], where 
and also we see that l,(C), &(Cj, [a(C), an d cz2 are invariant under the trans- 
formations: C’ = KTCK, (K E K). Thus, there exists an objective stored- 
energy function, e.g., given by (5.12), such that Gs = [H, u K], and then 
G, = [HA v  K], HA being the connected Lie subgroup of H, , whose Lie algebra 
9(HA) is the set of tensors as follows: 
This Lie algebra is of Type V.4. 
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